Abstract-This paper proposes a novel design criterion for optimal pyramidal horns. According to the criterion, the optimal aperture phase error parameters of a pyramidal horn are determined from the minimization of the horn's lateral surface area. We present two families of curves that illustrate the optimal aperture phase error parameters for frequency and directivity values in the area of practical interest. We also discuss two simple approximate design methods for the calculation of the optimal horn parameters. Comparisons with well-known design methods demonstrate the efficacy of our approach. The designed horns have also smaller aperture area and require less installation space than other optimal proposals in the published literature. Moreover, the proposed criterion produces, under certain conditions, the lightest horn for a given directivity; as a result its fabrication requires less material compared to other structures. The present approach is a useful design tool when the size and weight of a pyramidal horn are of concern.
INTRODUCTION
Microwave horn antennas occur in a variety of shapes and sizes and are used in areas such as wireless communications, electromagnetic sensing, nondestructive testing and evaluation, radio frequency heating and biomedicine [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Horns are also widely used as high gain elements in phased arrays and as feed elements for reflectors and lens antennas in satellite, microwave and millimeter wave systems. Moreover, they serve as a universal standard for calibration and gain measurements of other antennas.
The simplest and probably the most reliable horn antenna is the pyramidal horn. This is a hollow pipe of a rectangular or square cross section that flares to a larger opening. Its simplicity in construction, high gain, ease of excitation, robustness, versatility, linear polarization and unidirectional pattern makes it a useful tool in science and engineering.
This interest has resulted in a variety of proposals for the design of optimal pyramidal horns. The optimum gain pyramidal horn is commonly used [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . In this, the aperture dimensions give maximum slant lengths of flare in the E-and H-planes [1] . Another optimal design criterion was proposed in [2] . It was observed that the gain increases with aperture width but the quadratic phase error loss increases faster and produces a maximum point. The maxima in the two principal planes occur at approximately constant phase deviations independent of the slant radius and define the optimal horn. In [22] , the optimal pyramidal horn was defined as the horn that has approximately equal beamwidths in the E-and H-planes, while using the minimum material for its manufacturing. In that approach, the optimal aperture phase errors were specified graphically. In [23] , horns design considered directivity and half-power beamwidths. The optimality was obtained by giving to one of the aperture phase error parameters its optimal value according to the optimum gain criterion while the rest of the parameters were derived to satisfy the constraints for the half-power beamwidths.
In this paper, we suggest a novel optimal pyramidal horn design criterion, the minimum lateral surface area (MLSA) criterion. According to it, the optimal pyramidal horn's dimensions are found from the minimization of its lateral surface area. The exact analytical calculation of the optimal dimensions of the horns is not possible. However, using curve-fitting analysis and interpolation techniques we obtain two simple design methods that allow the approximate but adequate design of optimal pyramidal horns with minimum lateral surface area. Comparisons with methods in the published literature demonstrate the efficacy of the approach.
The rest of the paper is organized as follows: Section 2 discusses some theoretical background. The proposed criterion is introduced in Section 3. Section 4 describes the two approximate design methods. In Section 5, representative examples and comparisons with well-known optimization criteria show the merits of the proposal. Finally, Section 6 concludes the paper. Figure 1 shows the geometry of a pyramidal horn with throat-toaperture length (axial length) P and aperture sizes A and B. The inner dimensions of the feeding rectangular waveguide are a and b. In our analysis, we assume that the horn is well-matched to the rectangular waveguide and operates in the dominant TE 10 mode. 
PYRAMIDAL HORN GEOMETRY AND BASIC PRINCIPLES
where λ is the free-space wavelength. The factors R E and R H represent the reduction in gain due to the amplitude and phase taper across the horn aperture. They are calculated from [20, 23, 25 ]
where the aperture phase error parameters in the E-and H-plane are correspondingly
and C (·) and S (.) are the cosine and sine Fresnel integrals, respectively [26] . It has to be noticed that comparisons with measured data have shown that the maximum possible error of (1) is about ±0.3 dB with 99% confidence limits [16, 27] .
THE OPTIMAL PYRAMIDAL HORN DESIGN CRITERION
Obviously, see Figure 1 , the lateral surface area of the horn is twice 
Using (4) we also get:
Substitution of (6) and (7) into (5) gives E as a function of s, t, and P . It easily comes that
The algebraic manipulation of (1), (6) and (7) gives that P is a root of
For the sake of notation simplicity, we set x = (s, t) and denote the right term of (8) as F (x, P ) and the left term of (9) as U (x, P ). Therefore, the MLSA horn's design criterion is an optimization problem defined as:
This problem can not be solved in closed form; its solution is obtained heuristically or by using an evolutionary optimization technique such as differential evolution, particle swarm optimization, genetic algorithms, artificial neural networks, etc. [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . Further discussion of this issue is beyond the scope of the paper; in the examples presented here, we used a trial and error process to obtain the optimal solutions. Next, we present the optimal values of the aperture phase error parameters of pyramidal horns in the area of practical interest. The horns operate in the range of 1 to 60 GHz; their directivity varies between 10 and 30 dB. Table 1 gives a list of the waveguides that we use in the design examples accompanied with their inner dimensions and recommended operation frequency range. Table 1 .
Recommended operation frequency range and inner dimensions of common standard rectangular feed waveguides [12, 46] . Figure 2 . Optimal values for s and t versus directivity at f = 1, 2, . . . , 60 GHz. Figure 2 shows the optimal s and t as a function of directivity (in dB) for frequencies that range from 1 to 60 GHz with step f s = 1 GHz. Notice that both optimal parameters increase exponentially with directivity and depend on frequency.
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In both cases, the impact of f decreases with directivity; moreover, the curves approach asymptotically at great frequency values.
We notice that optimal s (optimal t) varies between 0.17 (0.2) and 0.185 (0.235) at low values of directivity and reach the value 0.22 (0.31) at great D. In any case, the calculated optima are significantly different than those suggested by previous criteria (the optimal s and t values are (s, t) = {0.25, 0.375} [1] and (s, t) = {0.26, 0.4} [2] , for example). At this point, it has to be mentioned that "any optimum design depends on the requirements" [2] . In the optimum gain horn, the requirement is the maximization of directivity for a given throatto-aperture length. On the other hand, in the optimum design criterion discussed in [2] the requirement is the maximization of the quadratic phase error loss. Both criteria are related to the directivity of the horn, i.e., its radiation characteristics. In practice, these methods consider both the geometry of the horn and its radiation pattern characteristics. The proposed criterion considers only the geometrical parameters of the horn resulting in different optimal values of s and t.
Next, in Figures 3 and 4 we show the variation of optimal s and t, respectively, with f for different D. The directivity varies from 10 to 30 dB with step one decibel. Notice the small fluctuation of the optima around a mean value which depends on directivity. In practice, optimal s and t values decrease with frequency when a specific waveguide feeds the horn; however, their values increase when the waveguide is replaced with another one that has smaller inner dimensions. As it has already been mentioned, the impact of frequency decreases with directivity. We also notice that the curves approach asymptotically at great directivity values.
DESIGN APPROXIMATIONS
In the previous Section, we presented a set of curves which show that we can easily calculate the accurate optimal s and t values only at great D. Here, we present two approximate methods that estimate the optima s and t with increased accuracy. First, we approximate the curves in Figure 2 using least squares curve fitting [47, 48] (curve fitting is usually employed in the solution of engineering problems that cannot be solved analytically, e.g., [23, [49] [50] [51] [52] [53] [54] [55] [56] [57] ). In order to get the best fit, we use the R 2 goodness-of-fit statistics metric. The fit improves as R 2 values approach unity. Figure 2 shows that the optimal s and t curves can be approximated as
where D is measured in dB and ranges from 10 to 30 dB. The index i refers to the operation frequency (in GHz). Figure 5 illustrates values of the fitting coefficients (α i and κ i are omitted because they are practically independent of f ); their numeric values are listed in Tables 2 and 3 Finally, Table 4 gives the calculated R 2 values for the best fit approximation of each fitting curve. In the same table, we also present the corresponding F -statistic values [47, 48] (these values go toward infinity as the fit becomes more ideal). The listed data show that (11) and (12) adequately describe the optimal s and t values in the specific range of directivity and frequency.
Next, we propose two approximate methods for the calculation of the optimal s and t values at any given directivity and frequency in the range 10-30 dB and 1-60 GHz, respectively. Obviously, if the operation frequency takes one of the discrete values in the range {1, 2, . . . , 60 GHz}, then we simply use (11) and (12) with the corresponding coefficients in Tables 2 and 3. 1st Method:
In this method, we calculate the optimal s and t using an interpolation technique [53, [58] [59] [60] . Let f 0 be the operation frequency. In this case, the optimal s (we measure the directivity in dB) is (14) where r is the integer part of the ratio f 0 /f s . The coefficients k andk are
In practice, (13) is the linear combination of the two fitting curves defined at the frequencies which are closer to f 0 . Similarly, the optimal t is calculated from the expression
withμ = kµ r +kµ r+1 ν = kν r +kν r+1 (17) 2nd Method:
This method replaces the fitting coefficients in (11) and (12) with their mean values. The last are calculated from the data in Tables 2  and 3 . In this case, the optimal aperture error phase parameters are (D is measured in dB)
and t ≈ 0.3135 − 0.5145 exp (−0.1751D) (19) In this case, substitution of (19) into (18) gives that in the optimal pyramidal horn it is s ≈ 0.2212 − 0.6482 (0.3135 − t) 1.1319 (20)
APPLICATION EXAMPLES AND DISCUSSION
In order to show the efficacy of our approach we give a series of examples. All the results were checked and verified with the antenna design software ORAMA [61] . First, we compare the geometric parameters of minimum surface area pyramidal horns with optimum directivity [1] ones. The design examples are taken from [12] . Table 5 gives the desired directivity, the operation frequency, the type of the feeding waveguide and the calculated aperture dimensions and throat-to-aperture length, see [12] . In the same table, we also give the lateral surface area E, the aperture area e and the volume of the rectangular parallelepiped V (for brevity, we will call it horn's volume) that encloses the horn (it is e = AB and V = eP ). Recall that the lateral surface area determines horn's weight while the next two parameters are related to the required installation space of the antenna. Table 6 gives the horns' dimensions, geometric parameters and aperture phase error values for the design examples in Table 5 (columns 2-4) that are obtained from the proposed model. In our solution, we Table 5 .
Design examples of optimum directivity pyramidal horns [12] . calculate the dimensions of the horns as in [62] . The data in Tables  5 and 6 show that the proposed criterion gives horns with smaller aperture sizes but greater throat-to-aperture length. The increase in P is justified from the decrease in the aperture area (in general, a pyramidal horn may have the same directivity with a larger aperture area one but it requires a greater axial length [1, 63] ). The relative variation in the horns' dimensions, i.e., the ratio of the difference between the corresponding dimension of the proposed and the optimum gain horn to the value of the second one, is shown in Table 7 . The reduction in A is greater than the reduction in B. In all the cases, the absolute relative variation values reduce with directivity; the reduction is greater for the axial length. Notice also, that both approximate methods give results very close to the ones obtained from the exact solution of (10) .
Next, Table 8 gives the relative reduction in E, e, and V . As it was expected the proposed criterion produces horns with smaller lateral surface area. Moreover, we observe a significant reduction in e and V in each design example. The aperture area decreases due to the reduction in A and B. However, the reduction in V is smaller because the MLSA criterion gives horns with greater axial length (recall that V = eP ). Now let us compare our method with [2] . In that case, the design criterion related horn's optimality with a constant slant radius and variation of the aperture width in each principal plane by setting s = 0.26 and t = 0.4. Table 9 presents the calculated dimensions and the rest of the geometric parameters of interest for the design examples given in Table 5 (columns [2] [3] [4] . Comparisons between the data in Tables 6 and 9 show that MLSA criterion gives horns with significantly decreased (lateral surface and aperture) area and volume, see Table 10 . Next, we compare the MLSA horn's design criterion with [22] . The example 2 in [22] considered a C-band horn fed from WR-229 waveguide. The horn operated at 4.5 GHz and its desired directivity was 22 dB. Two design methods were suggested. In the first, the calculated s and t parameters were 0.21 and 0.4, respectively; the optimal s and t values obtained from the second method were 0.257 and 0.44. The application of MLSA criterion gave s = 0.2173 and t = 0.3021. Table 11 lists the geometric parameters of the designed horns.
Comparisons between our solution and the first design method in [22] shows that our proposal gives a horn with 4.19%, 9.49%, and 8.28% Table 9 . Optimal horns geometric parameters [2] . smaller lateral surface area, aperture area and volume, respectively. The MLSA criterion gives even better results when compared to the second design method in [22] ; in this case, the reduction is 9.03%, 20.68%, and 18.99%, respectively. A question that arises is whether or not we can apply the new method to design a horn that operates beyond 60 GHz. In this case, (10) gives an optimal solution because the optimization criterion does not impose any restrictions to the operation frequency. On the other hand, the first approximation design method can not be applied due to the absence of data for horns that operate at frequencies greater than 60 GHz. In the second method, the optimal s and t values depend only on D; however, the coefficients in (18) and (19) were derived from fitting curves that describe horns which operate at lower frequencies. In the following example, we will show that this approximate method can be extended to horns that operate beyond 60 GHz.
Let us consider a W-band horn with operation frequency 90 GHz and directivity 24 dB [64] . The input waveguide is WR-10; its inner dimensions are a = 0.254 cm and b = 0.127 cm [46] . Table 12 gives the geometric parameters of the optimum gain pyramidal horn (calculated as in [62] ) and the horns designed with (10) and with the second approximate method. Again, our proposal gives horns with smaller E, e and V compared to the optimum gain design. We also notice that the second approximate method gives similar results to the exact solution. The validity of this approximate method is justified from the asymptotic behavior of the optimal s and t curves at high frequencies (see Figure 2) .
Finally, it has to be mentioned that the weight of a horn depends on its lateral surface area but it is also related to the thickness of its walls and the material density. When the last two parameters do not vary in the horn body, the weight of the horn is proportional to its lateral surface area. In this case, MLSA criterion produces the lightest horn; the reduction of the horn's weight equals the reduction of the lateral surface area.
CONCLUSIONS
In this paper, we proposed the minimum lateral surface area (MLSA) criterion as an optimal pyramidal horn design criterion. According to this, the calculation of the optimal aperture phase error parameters and dimensions of a pyramidal horn is determined by the minimization of the horn's lateral surface area. The results were compared with the optimum gain horn and other well-known optimal horn's design criteria. In all the cases, the proposed criterion produced horns with smaller lateral surface area that is equivalent, under certain assumptions, to the production of lighter horns. Moreover, the aperture area and the required installation space of the horn are significantly reduced at an expense of marginal longer axial length. The MLSA criterion results in a constrained optimization problem that can not be solved analytically; for this reason, we further developed two simple approximate horn design methods. The obtained accuracy is adequate and allows their use in practical applications.
